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We have several questions to discuss

1. What are the behavioral approach and DDPC/DeePC for LTIs? J

2. How can it be applied to nonlinear systems and what is the dataset management problem?
Examples included J

3. What is the proposed solution? )
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The DDPC was motivated by the Fundamental Lemma
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A dynamical system is a set of trajectories

Models (representations): transfer function, state-space...

Behavior
Let w = lZ] : Z — R™ T be a trajectory. The behavior is the set of all possible trajectories:

B={w|3z:Z — R"st. ox = Ax + Bu, y = Cz + Du}, oz = Tp41

or

B={wl|A(oc)y =B(oc)u} or B={w|R(c)w=0}

Restriction of the trajectory w on the interval {1, L}: wlp = (wl, wL>

» For L large enough, the restricted Bl specifies the whole B
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The data must be exciting to learn the behavior

Definition (Excitation)

Let z be a g-variate signal with N samples. We say that z is persistently exciting of order L
if the (¢L) x (N — L + 1) Hankel matrix

z1 z9 z3 ceo REN—L+1

22 Z3 24 <o+ EN—-L+2
Hipn(2) = :

L RL+1 RL+2 - -- ZN

is of full row rank, rank (H[L,N] (z)) =qL.

H|r,n(2) is square or has more columns than rows: (¢ +1)L < N +1
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A finite number of good samples can describe all trajectories

Fundamental Lemma

Let w? = (u?,y?) € B|y be an N-long trajectory of a controllable system of order n.
If the input u? is persistently exciting of order L + n, then

» any L-long trajectory is a linear combinations of the columns of Hz, x (w?)

> for any a € RN~EF the vector Hp, yvj(w?)a is a (restricted) trajectory

> Bl = image H nj(w?)

» Only sufficient condition

» Can be a combination of several trajectories: [H[L,N] (wh) HipL,N] (wd’z)}

Willems, Rapisarda, Markovsky, De Moor (2005) A Note on Persistency of Excitation, in Sys. & Cont. Let.
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The lemma applies to a simple n = 1 example

d d
Uy, ..., UG

Set L=2and N =6 = « € R’ The input u? must be PE of order L +n = 3.

(5] uil
u | ug
Y1 yi
v 98

(u,y) — any trajectory
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The data-driven representation allows for control design

d d
ULy - -y Ug
WUini Uk—1
Yini | _ |Yk—1
U U
s
Yy Yg

Open-loop control

Yk+1 = Yk + U + Ug+1

>
d d
yla"'7y6

Uy Uy Uz Uy

d ,d .d ,d

_ |1 Y2 Y3 Ui
ug ug uff ug

d ,d .d ,d

Y2 Ys Yi Ys

dl &= (6

UP
Yy
Uy
Yy

Given Tjp;-long initial trajectory (wini, yini) and Np-long desired trajectory y", find u such that

the whole trajectory w = (u,¥) € B|r=1;,;+N,, Where 4 = [UZ”] Y= [yzf’] :

Y
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We construct the Data-driven LQ
Given the dataset w?, the initial (past) trajectory (ini, ¥ini), and the references r, ry,

min [ly —ryllg +[lu —rullr

Uini U, D

subject to Yt — | TP o
U Uy
Yy Yy

Predicted Trajectory

Past Trajectory
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We construct the Data-driven LQ
Given the dataset w?, the initial (past) trajectory (ini, ¥ini), and the references r, ry,

min [ly —ryllg +[lu —rullr

Uini U,
yzm Yp Noise?
subjectto |7 | = || «
U Uy
Yy Yy

Predicted Trajectory

Past Trajectory
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DeePC applies to noised problems

. 2 2 2
i ly — ryHQ +llu = rullz + Asllollz + Aah(@) » the slack variable o
a, o
» regularization function h(«),
A I h(a) = flal
. Yini + O Y, e.g., h(a) = |lal3
subject to U = Uy aand (u,y) € UxY » feasible sets U and Y
Y Yy » tuning parameters A\, and A,

Past Trajectory

Predicted Trajectory

Coulson, Lygeros, Dorfler (2019) Data-enabled predictive control: In the shallows of the DeePC, in ECC

Aranovskiy et al.

Dataset Management in DDPC 12 /33



The next question is the DDPC for nonlinear systems

1. What are the behavioral approach and DDPC/DeePC for LTIs? J

2. How can it be applied to nonlinear systems and what is the dataset management problem?
Examples included J

3. What is the proposed solution? )
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The Lemma can be adapted to affine system

We linearize z11 = f(xx) + Buy and yx = h(zy) + Duy,

Linear system (at an equilibrium): Affine system:
ZTr41 = Axy + Bug Ti+1 = Az + Bug + e
yr = Cag + Dug yr = Cag + Dug + r
Lemma: if u? is PE of order L + n, then Lemma: if u? is PE of order L +n +1, then
(u,y) is a trajectory < Ja s.t. (u,y) is a trajectory < Ja s.t.
d d
AR ] = F] e 2
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DeePC can be applied to nonlinear systems via linearization

Given the dataset (u?,y?%), at each step k solve (with the intermediate setpoints u*, *)

L
min Yo T = vlIG + @ =l + = ryllE + Aslloll + Aallell3
a,o =Tini+1
u57y5

subjecttou € U, y € Y and

Lemma ; Initial conditions Terminal constrains

i H(u®) _ _ u =1l®u’
j+o| = |HW)|a U1 Tini] = Ylk—Timi k1] UI-Ty1,n) = L OU
1 ]]_T g[lyT’L’ﬂZ] y[k Tlnh ] g[L_Tf+1’L] - ]1 ® ys

and apply uy = ur,,, 1. Here u € R™L and L = T;,; + N, + T.

Berberich, Kohler, Miiller, Allgéwer (2022) Linear tracking MPC for nonlinear systems—Part II: The data-driven
case, in TAC
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DeePC can be applied to nonlinear systems via linearization

Given the dataset (u?,y?), at each step k solve (with the intermediate setpoints u®, y*)

L
min Y (17— y7lG + 1@ = u R + Iy = ryll5 + Aollol + Aallall3
aig 1=Tini+1

usyys
subjecttou € U, y € Y and

_ Lemma d Initial conditions Terminal constrains
Yy Jl: ol = Z% o U1, Tini] = Ulk~Tini k1] Up—ry41,0) = 1@ W
1 17 YN Tini] = Ylk—Tins k—1] G410 =10y

and apply uy = ar,,,+1. Here u € R™L and L = Tj,; + N, + T.

Berberich, Kohler, Miiller, Allgéwer (2022) Linear tracking MPC for nonlinear systems—Part II: The data-driven
case, in TAC
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Offline data cannot be used anymore

Lemma ? <My prediction
i H(ud) PR
gto|=|Hy"|a
1 17

How to populate u? and y9?
» No offline data for linearized systems — use the past samples of the same trajectory
» DDPC is based on the Lemma — data must be sufficiently exciting

P Linearization point changes — data must be recent

The problem: recent vs exciting

Only some heuristics are available

Aranovskiy et al. Dataset Management in DDPC
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We make experiments on the heater-blower system

Fan Airflow
Control
| Input Output
Ports Ports
Heating Temperature
Control
- u?, y? Data )
h Management
U >\ U \
*ﬁ quadprog() 3
Ui, Yini Tini last Y
) samples
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The experiment consist of the initial excitation and step references

Initial excitation
55— |mmmmmm e m e e —m———
I
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We can use the initial excitation until the steady-state

A Tini

prediction
< — >

P S _ -

steady state

t

>

We stop updating (u?,y?) once the steady-state is achieved, ||y — y*|| < €
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This heuristic does not track the changes

1 dataset, update until steady state

dataset

55

i

If i i
“’ ~WMMMWwmmmwam f
[
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We can always use the recent data

A Tini prediction
<_ —
RS R
Recent data
t
>

We always use the most recent data as (u?,y?)
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This heuristic does not work

25 1 |
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We can update only when the new data is exciting

We can use the smallest singular value oy, (H(u)) as a measure of excitation.

. Collect the initial exciting dataset (u?, y?)
. for each time step ¢ do
construct the candidate dataset (4%, 7?)) from the recent measurements
if 0in(H(T?)) > & then update the exciting dataset:
(u?,y?) + (@, 5)
end if
end for

Nk wn
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This heuristic also has tracking problems

6 1 dataset, SVD update

r il

— — — Airflow reference
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This heuristic also has tracking problems

1 dataset, SVD update

PE dataset ———— Airflow reference
———— Temperature reference

~— Airflow measure
Temperature measure
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This heuristic also has tracking problems

6 1 dataset, SVD update

PE dataset ———— Airflow reference
———— Temperature reference
] B R ~— Airflow measure
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This heuristic also has tracking problems

1 dataset, SVD update

PE dataset — = -~ Airflow reference

MMWMWWWWWWMN T Romperare ference
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We propose another solution

1. What are the behavioral approach and DDPC/DeePC for LTIs? J

2. How can it be applied to nonlinear systems and what is the dataset management problem?
Examples included J

3. What is the proposed solution? )
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Two datasets can be used simultaneously

We use both! <Tij”' prediction

/\ - -~ -

\J

We can combine two datasets:
> the recent one to represent the linearization point, (u®",y%")
> the past one to preserve the excitation, (u®¢,y®°)

P> the past one can be updated, e.g., via the singular value criteria

How can we enforce such a structure?
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Two datasets can be used simultaneously
Two datasets: the recent (u®", y®"

) with N, samples, and the exciting (u®¢, 3%¢) with N,
samples.

Lemma (Structured Datasets)

(u,y) is an L-long trajectory of
Tpy1 = Az + Bug + e
yr = Cxp, + Dug +r

if and only if there exist v, € RN"=L+1 and a, € RNe=L+1 sych that

u Hip,ngwh®) Hip oy, (uh)
y| _ | Hiw (y%°) H[L,err(uy’r) lae]
1

0 1 Qi
0 17 0
Moreover, the constants e and r are encoded in (u®",y®") only.
But do we have any stability guarantee?

Aranovskiy et al. Dataset Management in DDPC
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The stability analysis is adapted for the proposed dataset structure

Theorem (Stability analysis)
» Given reasonable assumptions on the nonlinear system,
» using the proposed structured dataset management strategy,
> limiting the distance from y to both datasets,
» and assuming a lower bound on the excitation level of the coupled datasets,

the trajectory converges into a vicinity of a (suitable) reference.

The proof is based on the original proof for nonlinear DeePC

Faye-Bedrin, Chauchat, Aranovskiy, Bourdais (cond. accepted, 2025) Structured Dataset Management for
Data-Enabled Predictive Control of Nonlinear Systems, in TCST
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We can track step-wise changes of the reference

Corollary (Step-wise reference changes)
Assuming that the new reference remains close enough
> to the exciting dataset y®%¢

» and to the past reference,

the stability analysis applies.

> Either the exciting dataset of updated often enough

P or the changes in the reference are small
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It works!

2 datasets, SVD update

6
PE dataset — === Airflow reference
———— Temperature reference
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It works!

2 datasets, SVD update

6
PE dataset — === Airflow reference
———— Temperature reference
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It works!

2 datasets, SVD update

6
PE dataset — =~ Airflow reference
———— Temperature reference
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Sometimes we need more than a “good dataset” assumption

The take-away Nel J

Maintaining a relevant dataset in DDPC for nonlinear systems is a nice question
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Conclusion

» The behavioral approach + the Fundamental Lemma gave rise to the DDPC/DeePC

» DDPC can be extended to nonlinear systems, but requires online data collection

» The dataset management becomes crucial for performance

» The proposed structured dataset approach handles contradicting requirements (confirmed
by experiments)

P> Possible research directions: nonlinear systems, adaptive control and online data
processing, merging with offline models, computational efficiency and recursive
formulations, ...

The take-away Ne2
DDPC is an interesting, actively developing field with numerous open problems! J

Thank you!
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